Riesz Integral Representation Theory 



Abstract 

This paper presents a Riesz integral representation theory in which 
functions, operators and measures take values in uniform commutative 
monoids (a commutative monoid with a uniformity making the binary 
operation of the monoid uniformly continuous). It describes the opera- 
tors to which the theory can be applied and the finitely-additive measures 
they generate. For exactness, let 5 be a quasi-normal space (this includes 
all locally compact or normal spaces, and the products of connected such 
spaces), X and Z be uniform commutative monoids, T a suitable family 
of functions on S to X, and I an operator from T to Z. The theory, 
which is applicable whenever S, X, B, J- and T generate a "Riesz sys- 
tem", where B is the family of (for example) all totally bounded subsets 
of X, yields necessary and sufficient conditions for I to have a represen- 
tation, i{f) — J f.dvi for all / G T, as an integral with respect to a 
finitely additive measure, ui. Operators satisfying the conditions will be 
called "Riesz integrals" . Given an underlying "Riesz system" , it is shown 
that every Riesz integral, generates a certain kind of finitely additive 
measure, vi, called here a "Riesz measure". The correspondence between 
Riesz integrals and Riesz measures is a bijection. A straightforward cal- 
culation shows that if I has such a representation, then it must have the 
Hammerstein property: t{f + gi + 92) + t{f) ~ i{.f + gi) + ^if + 92) , for all 
/, gi and 92 in with gi and g2 having "disjoint support". When X and 
Z are topological vector spaces over the real or complex field, the theory 
yields necessary and sufficient conditions for operators with the Hammer- 
stein property to be Riesz integrals. We note that uniform commutative 
monoids arise naturally when considering set-valued functions. 
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1 Introduction 

A quasi-uniform commutative monoid is a structure (M, +,L() in which (M, -I-) 
is a monoid, and U is a quasi-uniformity [?] on M making -I- quasi-uniformly con- 
tinuous, that is, for all U eU, there exists V & U such that if {x, x'), (y, y') G V, 
then {x + y,x' + y') € U. Riesz Integral Representation Theory gives conditions 
under which a map from a family of functions to a uniform commutative monoid 
(a commutative monoid with a uniformity under which the binary operation is 
uniformly continuous [?, ?]) is given by integration with respect to a finitely 
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additive measure [?, ?]. Although we need for the range of a measure only a 
quasi-uniform commutative monoid, it seems that the generation of a represent- 
ing measure requires symmetry and satisfactory notions of completeness. For 
these reasons we shall consider imiformities in preference to quasi-uniformities. 
We note that uniform commutative monoids arise as hyperspaces when consid- 
ering set- valued functions [?, ?, ?, ?, ?], an example being the family My of all 
closed subsets of a topological vector space, V, with the Hausdorff uniformity 
[?]. By considering the uniform commutative monoid thus obtained when V = 
R, we see that our results are applicable to measures whose values are closed 
subsets of the real line. 

In what follows (see Assumptions 2.3), 5 is a non-empty set, /C and G are 
non-empty families of subsets of 5, X and Z are uniform commutative monoids, 
B is a non-empty family of subsets oi X, !F is a family of valued functions on 
S, carrying a uniformity T, under which it is a uniform commutative monoid, 
and ^ is a map on to Z for which ^(0) = 0. (The identity of a monoid will 
be denoted by 0. We will always assume that J-' contains the function which 
is identically on S, and is a commutative monoid under the binary operation 
induced by addition on X.) Intuitively, S corresponds to a normal or locally 
compact topological space, K. to the family of its closed subsets (respectively, 
closed compact subsets, when S is locally compact), and G to its family of open 
subsets; B corresponds to the family of closed, totally bounded subsets of the 
uniform commutative monoid X, !F to a "suitable" subfamily of the continuous 
X-valued functions on S with totally bounded range, and £to a, suitable function 
on to a uniform commutative monoid Z. 

Riesz integral representation theory gives general conditions imder 
which £ can be represented by an integral with respect to a Z"^-valued mea- 
sure n on a field containing ICUQ, that is. 



For X & X and y G Z^ , we will denote y{x) by x.y. The integral will be 
a limit of finite sums, X^qef ™ which is a finite, disjoint family 
of elements of the field, and Sa & a for each a £ F. For the original result of 
F. Riesz [?], S = [0,1], X = Z = R, is the family of continuous real- valued 
functions on [0,1], JC is the family of closed subsets of [0,1], and Q is the family 
of open subsets of [0,1]. 

Theorem 1.1 (F. Riesz, 1909) i is a continuous linear map on to Z if 
and only if there exists a Baire measure fi on the closed unit interval such that 



This theorem has been extended to cover cases in which S is locally compact, Z 
is any locally convex topological vector space, .7^ is a subfamily of the X- valued 
continuous functions on S with totally bounded range [Assunptions 2.3, Remark 
2.5.1], with a uniformity T for which T C Uc, and ^ is a continuous, linear Z- 
valued map on [?, ?]. The theory presented by B. Mair in [?] covers most of 
the then known theorems for locally compact S, locally convex X and Z, and 




e{f) ^ J fdfi, for allf^T. 
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continuous linear £. Normal topological spaces S have been considered only in 
[?]. Non-linear operators have been discussed in [?, ?, ?]. An approach using 
dominated operators [?] was introduced in [?]. The problem continues to receive 
attention [?, ?. ?. ?. ?. ?. ?, ?]. Necessary and sufficient conditions are given 
in [?] for ij. to be scalar valued when S is compact, X = Z is a, Banach space, 
and is the space of continuous X-valued functions on S under the sup-norm. 
Non-topological structures have been introduced in [?, ?]. Applications to the 
theory of weakly compact operators are considered in [?, ?]. We will develop a 
general theory which provides a unified setting for the foregoing, is applicable 
whether S is locally compact or normal (quasi- normal spaces, Remark 2.5.2), 
allows X, Z and to be uniform commutative monoids, and yields integral 
representations even for non-linear operators. Our approach is as follows. For 
suitable £, 

(a) we shall generate a finitely additive, Z^-valued set function re on K.. 

(b) This set function is extended to a regular, finitely additive measure on 
a certain field containing )CU G- 

(c) It is verified that £{f) = J f.dve for all f £ and that the mapping 
^ — > i/£ is a bijection. 

The cr-additivity of V(, may be guaranteed by compactness conditions on K [?], 
or by conditions on £. Since V£ is regular with respect to (/C, Q) (Theorem 
4.12), then Vf^ is always a-additive when JC is the family of compact subsets of 
a Hausdorff, locally compact space S, and Q its family of open subsets [?]. 

The generation of a measure Vi from (. is the most technical part of our 
discussion. The present process modifies the approximation process for positive 
measures. Given the function induced on K, by i, we define functions on Q 
and V(, on the subsets of S by 

= ^lim^ n{K), vt{a) = lim ^^(7). 

Under the conditions given, the limits always exist (Proposition 4.9.7). 

The construction of from £ is based on three notions, Riesz system, 
Riesz integral over a Riesz system, and Riesz measure. Their definitions 
abstract the properties used to ensure that this construction yields a bijection 
£ ^ (Theorem 5.1). 

Let £ be the smallest field of subsets of S containing K. U Q. Functions 
91,92 & ^ will be called f -separated if and only if there exist disjoint Ei,E2 G 
£ such that gi(x) = for all x G S \ Ei, i = 1,2. The operator £ has the 
Hammerstein property relative to £ [?] if and only if £{f + gi + 92) + £{f) = 
^(/ + 51) + ^(/ + 92), for all f-separated gi and g2 in J^. If £ has an integral 
representation as described above, then it must have the Hammerstein property. 
Indeed, consider /, (71,(72 S with Ei, E2 being disjoint members of £ such 
that 9i{x) = for all a; S 5' \ Ei, i — 1,2. Since integration yields, for each 
function f & T, B.n additive set function, E & £ ^ fdfj. & Z [?], then 
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iif + .91) + Kf + .92) = /,,(/ + gi)dfi + Jsif + .92)rf/i 

= Is\Ei (/ + 9i)dn + (/ + 9i )dn + /g^^^ (/ + g2)dn + J^,^ (/ + .ga)^^ 
= Is\E,f'^^^ + IeM + 9^ + 92)dtx +js\Ej'^^ + Is^if + 91 + 92)dii 

Is\{E^UK^)(f + 91 + 92)dlJ, +JEjdfI + /jj^ (/ + 5l + ff2)rf/X 

= m+^if +91+92). 

Theorem 5.1 establishes a one-to-one correspondence between Riesz integrals 

and Riesz measures. When X, Z and J-' arc topological vector spaces, Example 
3.6.6 establishes sufficient conditions for an operator with the Hammerstein 
property to be a Riesz integral. 

References of this paper will be given in one of the formats type:section:subsection 
or type:section:subsection:number, where "type" may be any one of Assumption, 
Remark, Definition, Theorem, Example, Notation, or their plurals. 

Throughout the sequel, N denotes the set of whole numbers. Let = 0, and 
for each n G N, let n = {0, 1, n — 1}. For any set X, a sequence in X is a 
function on N to X. For any function /, and argument a, we denote the set 
{f{x) : X S a} by f^a, and f{a,x) by {f{a)){x). For each family H of sets, 
y H denotes the union of all elements of H, and f] H their intersection. For 
all a C [jH, we define 'H-hull{a) to be pl{77 £ Ti : a C 77}, where f\9 = {JH. 
When a = {x}, we shall write H-hull{x) for H-hull{{x}). We say that H is 
closed under finite intersections (closed under finite unions) if and only 
if nW G H (UW G n) for all finite H' C H. (Thus, in the former case, 
f]<l) = \jn € n, and in the latter, (J^ = e W.) 

For basic information on topologies, uniformities and quasi- uniformities, nets 
and filters, we refer to [?, ?, ?, ?, ?]. Topological spaces will be always Hausdorff . 
The closure of a subset a of a topological space S will be denoted by a^'. The 
support of a function / , on a topological space S' to a set X with a distinguished 
element 0, is S'\1J{7 : 7 C 5* is open, and = 0}. (This evidently generahzes, 
to an arbitrary S, the notion of "support" when S is locally compact.) We shall 
say that a function / has com,pact support if the support of / is compact. Let 
{X,U) be a uniform space. For all x G X and U & U, we denote {t : {x, t) G U} 
hy Ux- A set E <Z X is totally bounded if and only if for each U € U there 
exists a finite F C E such that E C U^g^ Ux- 

For any subset ^ of a Cartesian product X x X, denotes the set of all 
{x,y) such that {y,x) S V. The set V is said to be symmetric if y = V~^. 
Let {X, +) be a commutative monoid. A subset U oi X x X is translation 
invariant if and only if {x + t, y + t) G U for all {x, y) £ U and t £ X. A 
uniform commutative monoid is a structure {X,+,h{) such that {X,+) is 
a commutative monoid, and U is a filter oi X x X such that for all U € U 
(i) U contains the diagonal oi X, {{x,x) : x G X}, and there exists V £ U 
such that (ii) V oV (^U (iii) if {x,x'), {y,y') G V then {x + y,x' + y') G U. 
For each uniform commutative monoid {X, +,U), denote by unifX the base for 
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U consisting of its closed (in the product topology induced by the uniformity), 
translation invariant, symmetric sets [?]. \i A and B are subsets of X, we denote 
the set {x + y : X & A,y & B^hj A + B. The real and complex fields will always 
carry the imiformity generated by the metric d{x, y) ^ \ \ x — y \\. 

A function / on a directed set (-D, -<) into a uniform space {X,U) is a 
Cauchy net if and only if for each U € U, there exists i G D such that 
{f{j),.f{k)) e U for all j.k with i -< j and i < k. A filter base F in (X,U) 
is a Cauchy filter base if and only if for each U G U, there exists a € F 
such that a X a C U. When D is the family of finite subsets of some set I 
directed by inclusion, and X is a uniform commutative monoid, we say that / 
is partial-sum Cauchy if and only if for each U GU, there exists i £ D such 
that (0, f{k)) e U for all k with i n fc = 0. When X is a uniform commutative 
monoid, every net which is partial sum Cauchy is Cauchy, and when X is a 
topological group then every Cauchy net of finite partial sums is partial-sum 
Cauchy. A net / in {X,U) is said to be a null net iff for each U G U there 
exists i G D such that (0, ,f{j)) E U for all i -< j. An X-valued function / on a 
set / is quasi-summable if and only if the net 



is a Caiichy net in X. A subset E of a, uniform commutative monoid X will be 
called quasi-perfect if and only if a function / is quasi-summable whenever 
its family of finite partial sums is contained in E. A subset E of a uniform 
commutative monoid X will be called perfect if and only if a function / is 
summable [?, ?] whenever its family of finite partial sums is contained in E. 
Thus, if a set is quasi-perfect and relatively complete, then it is necessarily 
perfect. 

For any topological space S, and uniform, commutative monoid X, we de- 
note by Cc{S,X) the space of (uniformly) continuous X-valued functions on S 
with compact support, by Cp{S,X) the space of uniformly continuous X-valued 
functions on S with totally bounded range, and by C{S,X) the space of all 
uniformly continuous X-valued functions on S. If /C is a family of subsets of S, 
we denote by Ck:{S,X) the family of all uniformly continuous X-valued func- 
tions on S with totally bounded range, and support contained in some K G IC; 
when X is a field of scalars, R or C, explicit mention of it will usually be omit- 
ted. In each of the foregoing cases, the space carries the uniformity of uniform 
convergence on S, unless stated otherwise. When X admits multiplication by 
Cp{S), then X(SiC)c{S) denotes the space in C{S, X) spanned by functions of the 
form xf, X E X and / G C^(5). When is an open subset of R" we denote 
by C(?°(r2,R™) the space of infinitely-differentiable, R'"-valued functions with 
compact support, [?], p. 287, with the uniformity of uniform convergence in all 
derivatives on compacta. When X and Z are both topological vector spaces, 
we denote by L]3{X, Z) the space of continuous linear maps from X to Z with 
the uniformity of uniform convergence on the members of B (assumed to be 
directed by C, and such that the image of each B is bounded), and by La{X, Z) 
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the space of continuous linear maps from X to Z with the uniformity of uniform 
convergence on the finite subsets of X (point- wise convergence) [?]. 

A topological space S will be called quasi-normal under (/C, Q) if /C is a 
subfamily of its closed subsets, and Q is a subfamily of its open subsets, such that 
IC is closed under finite unions, G is closed under finite intersections and finite 
unions, and for all k G fC and G Q: (i) € fC, ^ \ k G Q, (ii) if k C 7 then 
there exist k' G /C and 7' G ^7 such that k C 7' C k' C 7. A topological space 
S will be called quasi-normal if and only if it is quasi- normal under (/C', Q') for 
some fC' and Q'. S will be called semi-connected quasi-normal under (/C, Q) 
if and only if it is quasi- normal under (/C, G) and K % Gi^J G2 for any K G IC, 
and non-empty, disjoint Gi,G2 € G- S is semi- connected quasi-normal iff S is 
semi-connected and quasi-normal under (/C, Q), for some IC and Q. Clearly, every 
locally compact or normal space is quasi-normal [?, ?], and every mctrisable, 
topological vector space over the real or complex field is semi-connected and 
quasi-normal. We note that the arbitrary product of semi-connected quasi- 
normal topological vector spaces is again quasi- normal [?]. In particular, the 
arbitrary product of metrisable, topological vector spaces is quasi-normal, but 
not necessarily metrisable [?, ?]. 

A measure [?] is a set function h with values in a commutative monoid 
such that (i) G domh and /i(0) = 0, for all A,B € domh, (u) AnB € domh, 
AUB G domh and (iii) h{A U B) -\- h{A D B) = h{A) -|- h{B). When h takes 
values in a uniform commutative monoid, then h is countably additive if and 
only if ft, is a measure, and h{[JA) = S^^jvj h{An) for every disjoint sequence 
A in domh. Riesz representation theory for Banach space- valued functions is 
discussed in [?], pp. 59, 84, 151. 

We stress that the general theory covers all of the topological results men- 
tioned in the papers cited above. In particular, it provides a common theory 
for locally compact and normal spaces S - to the authors's knowledge, normal 
spaces are considered only in the paper of [?]. Further, the range of £ may 
now be any topological vector space in which every bounded subset is perfect 
and relatively complete. Thus, for stochastic processes, Cp{S,X), on a space 
S, with S being quasi-normal, X, Z being topological vector spaces, the general 
theory (Remark 2.5.2, Theorem 5.1) yields a representation not provided by any 
combination of the cited papers: 

Theorem 1.2 Let S be quasi-normal under {IC,G), X be a topological vector 
space, and Z = Lo{\). Then, £ is a continuous linear map from Cp{S,X) to Z 
if and only if £{f) — J f dvp, for some unique finitely- additive, La-{X, Z)-valued 
Riesz measure, vp, on a field containing /C U 5. 
Further, we have 

Theorem 1.3 Let £ be a continuous linear map from Cp{Q, R"^) to Z. If £ is 
continuous with respect to the topology of uniform convergence on ^l, then £ has 
an integral representation 



Certainly, we have that "uniform commutative monoids" C "linear monoids" 
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C "topological vector spaces" . In particular, therefore we may consider take 
X and Z to be topological vector spaces, in view Remark 2.5.1. Note that 
distributivity over scalar addition is the axiom needed to make a linear monoid 
into a topological vector spaces. However, this property seems to be needed in 
the proof that every quasi-normal space generates a Riesz system. 

We close this section with the observation that the family of closed subsets 
of any uniform commutative monoid M itself becomes a uniform commutative 
monoid, under the uniformity having as a base all sets of the form {{A, B) -.Mx & 
A3y e B {x, y) G U,yy G B3x e A {x, y) e U}, for some U G unifM. Thus the 
stiidy of functions and measures with values in the family of closed subsets of a 
uniform commutative monoid leads to consideration of monoid- valued functions 
and measures [?, ?, ?]. 

2 Riesz Systems 

Throughout the sequel we shall adhere to the notation of the introduction, 
and use the informal viewpoint suggested there as motivation for the following 

definitions and assumptions. 

Definitions 2.1 Let a C S, and x G X. A function f on S to X is supported 
by a (denoted by / -< a) if and only if there exists k G K. such that k C a and 
f{s) = for all s G S \ k; f equals x over a (denoted by a =x f) if and only 
if there exists j G G with a C 7 such that f{s) = x for all s G j. 
Notation 2.2 

Bq = (^{Ti. C B : Ti. is closed under arbitrary intersections, P| W = 0, 

B-hull {x) G n for all x G X, B-hull {Hi + iJa) € W for all Hi,H2G H}; 
TA-={f gT : mgf C A}, for each A C X; 

:= {f G : mgf C B for some B G Bo}. 
{S,{IC,G),{X,B),{T,T)), denoted by 3?, is called a Riesz system, if and 
only if S is set, /C, Q are families of subsets of S, X is a uniform commutative 
monoid, B is a family of subsets of X, ^ is a family of X- valued functions on 
S, and T is a uniformity on J^, such that the following assumptions hold. 

Assumptions 2.3 

On K., G: 

(1) /C is closed under finite unions; 

(2) G is closed under finite intersections and finite unions; 

(3) for all K e /C and j G G, k\j G K. and 7\k; G G; 

(4) for all K e /C and -y G G with k C 7 there exist "f' G G and k' G K. with 
K C 7' C k' C 7. 

(A similar idea is used by M. Sion and A. Sapounakis [?], and also by 
Panchapagesan [?, ?]. Note that the assumptions above lead to the fol- 
lowing separation property: for all disjoint ki, K2 in K there exist disjoint 
71,72 C G such that Ki Qji,i = 1,2.) 
On B: 

(5) B is closed under arbitrary, non-empty intersections, and Gf\B; 
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(6) for all B,B' eB there exists C eB such that B + B' CC; 

(7) for each x £ X there exists B G B with x G B. 
On JP: 

(8) !F contains the function which is identically on S, and, under the 
addition + induced by X, is a uniform commutative monoid with respect 
to the uniformity T; 

(9) for each / S ^ there exists B € B with rng f Q B; 

(10) for each f G and W S unifZ there exists a finite G C Q such that 
S = [jG and for all 7 e G and s, t e ^f, (/(s), /(t)) G (we say that / is 
finitely Q-partitioruMe see [?] for the definition of partionability); 

(11) For all K e /C,7 G 5 with k C 7, and x G X, there exists / G 
^ such that rng f C B-hull (x), f is supported by 7, and / equals x 
over K. (This assumption ensures that T contains enough functions to 
approximate constant functions on members of /C.) 

(12) For all B G S and T e T, there exists U G unifX such that for all 

K G /C, 7 G with K C 7, and /, g G J^b'- if / and g are both supported by 
7, and for some w G 5 with k C a; C 7 we have that {f{s),g{s)) G U for 
all s G w, then there exist p,q G !Fb such that p and (7 are both supported 
by 7\k, and (/ + p, 9 + q) G T. (This relationship will be denoted by 
TextsU. The assumption says that if f,g are [/-close, in the manner 
specified, then they have extensions which are T-close everywhere.) 

(13) For all B E B, finite G QG, keK. with k C (J G, and f e Tb, there 
exists a function g on G to J^b such that for all 7 G G : is supported 
by 7, E-yGJ 57 € for all J C G, and /(s) = E^eG ff7(s) ^r all s G k. 
(Thus, for each k G K., there is a "partition of unity" on k.) 

By (4) and (11), for all B G B and non-empty j G Q, there exists / G !Fb, / 7^ 0, 
such that / is supported by 7. If {S,{IC,G),{X,B),{J^,T)) is a Riesz sys- 
tem, with X being a topological vector space, then it is easily checked that 
(5*, (/C, G), {X, Bq), {Tq, T)) is also a Riesz system. 

Proof. For suppose that (S', (/C,G), (X, S), {J^,T)) is a Riesz system. Then 
K, Q trivially satisfy Assumptions (1) - (4). By the conditions on 6, since, in 
particular, Bi C B-hull {B1+B2) G Bq for i = 1,2, then Bo satisfies Assumption 
(6). Thus Bo satisfies Assumptions (5) - (7). Clearly B-hull (0) G Bq, therefore 
Assumption (8) is satisfied by J^o- Clearly, by the definition of J^q, it must 
satisfy (9) - (13). □ 

Further, when B is the family of closed, balanced, totally bounded subsets of 
a topological vector space X, then Bq is a subfamily of the family of all closed, 
balanced, bounded subsets of finite dimensional subspaces of X. 

Examples 2.4 

In the following examples, X is any topological vector space [?]. 

.1 S' is a set, TZ is an algebra of subsets of S, and K. = Q = TZ; B is the family 
of all closed, balanced totally bounded subsets of X; T is the family of 
totally measurable AT-valued functions [?, ?], that is, the uniform closure 
in X^ of the family of all simple functions ^pXpi (where i? is a finite. 
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disjoint subfamily of TZ with S* = IJ i?, x is a function on R to X, and 
for each p G R, Xp denotes the characteristic function of p,) and T is the 
uniformity of uniform convergence on 5. (Riesz integral representation 
of linear operators on M(S,X), theorem 5.1, leads to the Fichtenholz- 
Hildebrandt-Kantorovitch theorem [?].) 

.2 5 is a locally compact space, fC, Q are respectively its family of compact 
subsets, and its family of open subsets; B is the family of closed, balanced, 
totally bounded subsets oi X; = Cc{S, X), the space of continuous X- 
valued functions on S with compact support, and T is the uniformity of 
uniform convergence on S. 

.3 S is a normal space, /C, Q are respectively its family of closed subsets, 
and its family of open subsets; B is the family of closed, balanced, to- 
tally boimdcd subsets oi X\ T = Cp{S,X), the space of totally boimdcd, 
continuous X-valued functions on S, and T is the uniformity of uniform 
convergence on S. 

For Example 2.4.1 it is readily verified that the given elements constitute a 
Riesz system. For Examples 2.4.2 and 2.4.3 the verifications are more technical. 
In each of these two cases the pair (/C, Q) satisfies the assumptions given. Also, 
B satisfies Assumptions (5) - (7) [?], and for each / G .F, rngf C B for some 
B IE B. Further, {J-, +) is a topological vector space under the uniformity T. 
Thus Assumptions (1) - (9) are satisfied. We show below that the remaining 
assumptions on are valid. 

(10) If / G then it has totally bounded range. Thus, for each U there ex- 
ists V &U with F o F C [/■, and finite F CX such that rat? / C \J^^p V^. 
For each a; e F let 7^ = /-^(14). Then 7^ G ^ and {f{s),f{t)) G U for 
all s, t in 73;. □ 

For (11) - (13) we use the following fact, true in Examples 2 and 3: given 
any k € IC and j € Q with k C 7 there exists a continuous function on S to 
[0,1], identically 1 on k and vanishing on S \'y, [?, ?]. For the correspond- 
ing result on functions, / : f7 — > R™, where ft is an open subset of R", 
and / has compact support, see [?], p. 25, or [?], p. 385. Thus, we have that 
(0,(/C,a),(R™,B),(C~(f2,R™),V)) is a Riesz system, when V is the unifor- 
mity of uniform convergence on S. However, it is not a Riesz system when V is 
the uniformity of uniform convergence on compacta in all derivatives. 

(11) Let X G X, K £ K, and "/ £ Q with k C 7. By the foregoing remark 
and Assumption (4) there exist ki,K2 G IC and 71,72 G G, such that 
K C 7i C Ki C 72 C K2 C 7 and a continuous function h on S to [0,1] 
which is 1 on ki and vanishes on 5 \ 71. Let f{s) = x.h{s) for all s G S.U 

(12) Lei B eB,U,V £U be balanced, with ?7 o fj C V, k G /C, 7 G 5, G a, 
with K C w C 7, and f,g £ J-b, both supported by 7, be such that 
{f{s),g{s)) G U for all s G w. By Assumption (4) and the preceding 
remark on the existence of continuous functions on S, there exist k' G 
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^,7' £ s-iid ^ continuous function h on S to [0,1], such that k C 7' C 
k' C w, and ft, is 1 on k', and vanishes on S \u). Let p = (1 — /i)^ and 
q = {1 — h)f. Then p and q are both in and {p{s),q{s)) e f7 for all 
s £ ui. Further, since / and g are supported by 7, then there exist ki, K2 
in /C such that k C C 7 for i = 1,2, /(s) = for all s ^ ki, and 
g{s) = for s ^ K2- Then p(s) = q{s) = for all s ^ (/ti U K2) \ 7', and 
(ki U K2) \ 7' C 7 \ K. Thus p, q are both supported by 7 \ k, and for all 
s G S: ((/ + p)(s), {g + q){s)) G since 

i.fis),g{s))eU ifsGK' 
((/ + P){s), {g + P){s)) o ((5 + p){s), {g + q){s)) eUoU if s G \ k', 
{{f + 9){s),{9 + f){s))&U, forallsG5\a;. □ 

(13) Let Ko G IC, B G B, f G J^B and, for some n G N, let {Go, G„-i} C Q 

be such that kq Q GoU-.-UGn-i. Let ao = '^o\Ui<j<ri-i ^i- Then cto G /C 
and ao C Go . Hence there exist 70 , /3o G ^ and a continuous function 0o 
on 5 to [0,1], such that 7o,y5o G /C, ao C 70 C 70 C /3o C C Gq, 
4>o{s) = 1 on 7o, and 4>ois) = on S \ I3q. Let ki = kq \ 70- Then ki G /C 
and Ki C Ui<j<n-i Clearly, ko C 70 U ki. Repeating the argument 
for each i with 1 <i<n — l,we find sets a^, /tj G /C, /3j, 7^ G such that 
A,7i G /C, 

Ki = Ki-i\ 7j_i and C Ui<j<n-i ^j, 

QJi = \ Ui+l<j<n-l 

C 7j C 7i C /3j C /3j C Gj, 
and a continuous function on 5 to [0,1] such that 0i(s) = 1 on 7^ and 
<j)i = on S\ Pi. Let w = 70 U ... U jn-i- Then ko C w C Uo<j<n-i 
Let (pn be a continuous function on S to [0, 1] such that 0„ is on k and 
1 on 5 \ w. Then J2j<„ > for all seS. Let 

9j = <t>jfl X] "^J' ^ i ^ - 1- 

Then is supported by Gj, J2jeJ 9j ^ — •••5'^ ~ 1}, and 

/(s) = Ej<„-i for all s G /to- □ 

Remarks 2.5 

.1 In Examples 2.4.2 and 2.4.3, we may take to be any subset of Cp{S, X), 
satisfying Assumptions (8) - (10), which is a unital module over Cp{S) 
containing X(g) Cjc{S), and T to be any uniformity, coarser than that 
of uniform convergence on S, under which J- is a, uniform, commutative 
monoid, such as the uniformity of uniform convergence on countable sub- 
sets of S; or the uniformity generated by the countable-open topology in 
[?]. In particular, we may take T to be the uniformity of uniform conver- 
gence on any family of subsets of S directed by C. By taking T to be a 
uniformity coarser than Uc, we ensure that the proof of Assumption (12) 
for Examples 2.4.2 and 2.4.3 holds for T. 
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.2 If S is quasi-normal under (/C, Q), then, by repeating the proof of Urysohn's 
lemma [?, ?], we can show that, given any k G IC and j € G with k C 7 
there exists a continuous function on S to [0,1], identically 1 on k and 
vanishing on S'\7. Following the verifications of Examples 2.4.2 and 2.4.3, 
it can now be shown that {S, (/C, G), {X, B), {J^, T)) is a Riesz system when 
S is quasi-normal under (/C, ^), X is a topological vector space, B is the 
family of closed, totally bounded subsets of X, is a subset of Cp{S, X) 
satisfying Assumptions (8) - (10, which is closed under multiplication 
by functions in Cp{S), and contains X Cic{S), and T is a uniformity 
on J^, coarser than the uniformity of uniform convergence on S, under 
which ^ is a uniform commutative monoid. Riesz systems can therefore 
be constructed for any quasi-normal space. 

3 Integrals 

Intuitively, the map £ is an integral if and only if it is given by integration, 
f G ^ J f.dug, with respect to some finitely-additive, .Z'^-valued measure i/i 
on S. We shall give the construction of in the following section. However, the 
description of the class of operators to be considered is reasonably concise. In 
what follows, Z is always a uniform commutative monoid, and £ is the smallest 
field of subsets of S containing JCUG- 

Definitions 3.1 f,g € T are ^-separated if and only if there exist disjoint 
E,E' in E such that f is supported by E and g is supported by E'; I is £- 

additive if and only if £{f + g) = i{f) + ({g), for all £-separated f and g in T . 
I is quasi-additive if and only if, for each W G unifZ and B & B there exists 
V G unifZ such that iff,g& and {0,e{g)) e V then {i{f),iif + g)) G W. 
The operator £ is s-bounded over B if and only if for each B E B, W £ unifZ 
and disjoint sequence G in Q, there exists m G N such that {£{f),£{f + g)) G W, 
for alln> m and f,gG J^b with g supported by Gn ■ The operator £ is a Riesz 
integral over 5R if and only if ^ is a Riesz system, (S, (/C, G), {X, B), (T . T)), £ 
is E-additive, s-bounded over B, and, for each B G B, uniformly continuous on 
J^B, and maps Tb onto a relatively complete subset of Z. 

^^(^^ {a G g : (^(/), £{f + g)) G for all f.g&J^B with g ~< a}. 

We note that, if £ is quasi-additive, then s-boundedness of £ over B is equivalent 
to the following property of £: for all B E B, if g is a sequence in Tb for which 
there exists a disjoint sequence G inG such that gn is supported by Gn for each 
n, then £0 g is a null sequence in Z. The following observations will be useful. 

Lemma 3.3 Let £ be £-additive. For each B G B, if g is a sequence in Tb such 
that gm and gn are tC-separated for all TO,n G N with m 7^ n, then the family 
of finite sums {'^j^j £{gj) : J is a finite subset of N} is a subset of £^J-'b- 
Proof For such g and finite J C N, J2ieJ ^^9i) = ^iT^iaj 9j) ^ ^^^b- □ 
Lemma 3.4 If £ is an £-additive, quasi-additive map, which, for all B £ B, 
maps Tb into a perfect subset of Z, then £ is s-bounded over B. 
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Proof. Suppose that £ is not s-bounded over B. Then there exists B <E B, 
W € unifZ and a disjoint sequence G C Q, such that for all m G N we can 
find n > m such that G„ S{W,B,i). Since £ is quasi-additive, there exists 
V e wm/Z such that for all f,g G J^b, if (0,^(5)) G F then {£{ f ),£{/ + g)) G W. 
We can find sequences /, g in such that gj is supported by , rij < if 
i < j, and {£{fj),£{fj + Qj)) W^- Since f'^^e is perfect, we have that ^ o is 
a summable null sequence in Z [Lemma 3.3]. Hence, for all sufficiently large 
(0,£((?j) G V, and therefore {£{fj),£{fj + 9j)) G W, contradicting the choice of 
the sequences / and g. □ 

Since a continuous linear map is necessarily 5-additivc, quasi-additive, and 
uniformly continuous, then, as a consequence of Lemma 3.4, we have the fol- 
lowing important result. 

Let 5R = (S*, (/C, G), {X, B), {!F, T)) he a Riesz System in which Z and T are 
topological vector spaces, with every bounded subset of Z being relatively complete 
and perfect. Every continuous linear map, £, from to Z is an integral over 3?. 

The following remarks indicate just how wide the family of integrals is. 
Remarks 3.5 

.1 If B is any bounded subset of a topological vector space X, then .Fb is a 

bounded subset of {T.T). 

.2 If X, Z are topological vector spaces, and £ is continuous and linear, then 
it is quasi-additive, /C-additive, and maps bounded sets into bounded sets. 

.3 Every relatively weakly complete, bounded subset of a locally convex space 
is perfect. (Let Z he & locally convex space, and z be a sequence in Z for 
which the family of finite partial sums is bounded and relatively weakly 
complete. Then, for each w G Z' , there exists Mw with | X^neJ ^ "^"i ^ ^1 
< Mw, for all finite J C N, and therefore YlmeJ 1^ -2n,w >| < 4M^, 
for all finite J C N. Hence X^„gisr |< Zn,w >|< 00, and consequently 
(X^nGJ ^ '^niW >),/cN..7 finite IS a wcak Cauchy net in Z, and therefore 
converges to some point of Z. Thus z is weakly summable, and, by the 
Orlicz-Pettis theorem [?], p. 318, therefore summable.) 

.4 Every bounded subset of a semireflexive locally convex space is relatively 
weakly complete ([?], p. 144). 

.5 Every quasi-complete nuclear locally convex space is semireflexive ([?], 
p. 144). 

.6 Let (5*, 6, A) be a finite measure space. Denote by Lq{\) the space of 
all A-equivalent classes of real-valued, 6-measurable functions on S, with 

the topology of convergence in measure. By a theorem of Orlicz, every 
bounded subset of -Lo(A) is perfect, [?], Theorem 5.1, [?], Theorem 8. 
.7 Let X, Z be topological vector spaces. With the notation of Theorem 
3.3, let T C Cp{S,X) be a module over Cp{S) which contains X ® Cjc{S) 
(cf. Remark 2.5.1). If £ : Cp{S,X) ^ Z is linear and, for each x G 
X, the partial operator £x on Cp{S) to Z given by £x{f) = (-{xf) maps 
bounded sets into relatively compact subsets of Z , then £ maps Tb into 
a relatively compact subset of Z , for all B G Bq. To see this, let B £ Bq. 
There exists a finite dimensional subspace E oi X such that B C E. 
Then J^b is a bounded subset of Cp{S, E). Let {a;o, Xn-i} be a linearly 
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independent basis for E, pi the projection X]j<n '^j^j ^ fti on to K, and 
TTj the map on Cp{S, E) to Cp{S) given by 7rj(/) = Pi o f, for each i < n. 
Then tt, is a continuous linear operator, and therefore maps bounded 
subsets of Cp{S,E) into bounded subsets of Cp{S,K). Then, I^Tb Q 
TlfjKn (""j^-^-B)) S'lid is relatively compact, since a finite sum of relatively 
compact subsets of Z is again relatively compact [?], p. 26. 
.8 If ^ is a bounded subset of a locally convex space then the bipolar 
^00 ^ 2," = {{Z')fi)' is Z')-compact. Thus the canonical embedding 

i : Z ^ Z" maps each bounded subset of Z into a relatively o{Z" , Z')- 
compact (therefore relatively cr(Z", Z')-complete) subset of Z" [?, ?]. 

We note that the topological vector spaces of (1), (2), (6) and (7) above need 
not have a non-trivial continuous dual [?]. 

ExEimples 3.6 Suppose that is a Riesz system, {S, {JC, G), {X, B), {T, T)), in 
which S is quasi- normal under {1C,Q), X and Z are topological vector spaces 
(with Z being a locally convex topological vector space in Examples 1-5), B is 
the family of closed, balanced, totally bounded subsets of X, ^ C Cp{S,X) is 
a topological vector space under T, satisfying the conditions given in Remark 
2.5.1. 

.1 Suppose that Z is a locally convex topological vector space. Let i he a 
continuous linear operator on J-q to Z , which maps Tb into a relatively 
complete subset of Z for each B G Bq- If the partial operators & 
X, map bounded sets into relatively weakly compact subsets, then £ is an 
integral over the Riesz system 5Ro = {S, {IC, Q), {X, Bq), {J^o, T)) [?]. 

.2 Suppose that Z is a locally convex topological vector space. Let £ be 
a continuous linear operator on to Z . If £ maps hounded sets into 
relatively complete, relatively weakly compact sets, then I is an integral 
over 5ft [?] . 

.3 Suppose that Z is a locally convex topological vector space . Let £ be a 
continuous linear operator on T to Z. If i is the natural embedding of Z 
into Z", then Loi is an integral over 5? [?]. 

Suppose now that S is completely regular, with Stone-Cech compactification pS 
[?, ?], and that Z is locally convex. Let ^ = Cp{S,X) and £ = C{l3S,X), with 
respectively the uniformities of uniform convergence on S and on (3S, and let £ 
be a continuous linear operator on JF. Then the map tt/j : C{PS, X) — > Cp{S, X) 
is continuous and linear, and the composition of £ with is a continuous linear 
operator, (3£, which maps £b into a bounded subset of Z, and thus lo i3£ maps 
£b into a relatively compact subset of {Z" ,a{Z" , Z' j), for each B G B. Since 
pS is compact Hausdorff and therefore locally compact, it has a Riesz system 
5R^, as given in Example 2.4.2. Hence, by Theorem 3.4 and Remark 3.5.3, 

.4 If L is the embedding of Z into Z" , then l o (3£ is an integral over 5R^, 
for every continuous, linear £ : Cp{S,X) Z. 
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The definition of integrals may be applied to dominated operators [?, ?]. Let X, 
Z be normed spaces, with norms | \x and | \z respectively. Let 5 be a topological 
space. An operator I: T ^ Z \s dominated if there exists a positive measure, 
yu, (T-additive on the cr-algebra of Borel subsets of S, such that, for all f & 

W)\z < [ \f{s)\xdKs). 
Js 

.5 IfT is the uniformity on J- of uniform convergence on S, Z is a Banach 
space, and I is linear and dominated, then I is an integral over 3?. 

Finally, we show that certain non-linear operators are integrals. Let E be the 
smallest field containing /CU(7. We say that (. has the Hammerstein property 
relative to E [?, ?] iff l{f + 51 + 52) + ^ (/) = l{f + <?i) + ^(/ + 52), for all 
/, gi, gi in T with g\ and g-2. being f -separated. (If it is linear, then I trivially 
has the Hammerstein property relative to f .) 

.6 Suppose that X,Z,T are topological vector spaces. If £ has the Ham- 
merstein property relative to some £, and, for each B G B, £ is uniformly 
continuous on J^b, o,nd maps it into a quasi-perfect, relatively complete 
subset of Z, then £ is an integral over 

Noting that £ is necessarily i'-additivc if it has the Hammerstein property 
over £, the proof is based on the following lemmas [?]. (We suppose that 
satisfies the conditions of Remark 2.5.1.) 

Lemma 3.7 Suppose thai X is a topological vector space. If n £ IC, "/ G Q , 
g € with K,'^^,g<K,, p£ C{S, [0, 1]), with p identically 1 on k and on 
5 \ 7, then, for all f ^ T , 

Proof. Since g and {p — 1)/ are f-separated, then, 

m +g)+ m = i{f +ip- 1)/ +9)+ m 

= £(f + (p-l)f)+£{f + g) 

= i{p.f)+i{f + 9)- □ 

Lemma 3.8 If X,Z,J^ are topological vector spaces, then £ is s-bounded over 
B. 

Proof. If not. then there exist B <E B, W G unif Z , disjoint sequences K in 
}C and G in ^, and sequences f , g \a such that, for each n G N, C G„, 
gn < Kr, and (^(/„ + gn)Jifn)) ^ W. Choose C G B such that B + B C C, 
and V G unifZ such that V o V W. By the properties of (A^, we can 
choose sequences K' in IC and G' in Q such that Kn C C K'^ C G„, and 
functions Pn on S to [0, 1] such that p„ equals 1 on G'^ and on 5 \ K'^. Then 
{^{Pn.fn + gn), £{pn.fn)) ^ W, for all n G N. Howevci the functions p,nfm and 
Pnfn are separated by for m ^ n, and likewise Pmfm + gm, Pnfn + gn- 
Moreover, these functions are all in J^c- Thus, the sets 

{J2 ^^P^-f" + 5n) : J C N is finite} = {£(Xl(p„/„ + gn)) : J C N is finite}, 
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{Yl ^iPnfn) : J C N is finite} = : J C N is finite} 



are quasi-perfect. Hence the sequences {£{pnfn +5n))„gN' (^(Pn/n))neN 
quasi-summable, contradicting the choice of /„, Qn and p„ above. □ 

The foregoing lead to the following important assertion. 
Lemma 3.9 Let X,Z,J^ be topological vector spaces. Suppose that £ is quasi- 
additive and, for each B G B, is uniformly continuous on Tb, and sends Tb 
into a quasi-perfect, relatively complete subset of Z . If £ has the Hammerstein 
property relative to £ then £ is an integral over 3?. 

Proof By the definition of integral (Definition 3.1), and Lemma 3.4. □ 

As observed earlier in Remark 3.5.9, when Z is a locally convex topological 
vector space we have a continuous embedding l : Z ^ Z" , which carries each 
bounded subset of Z into a relatively o-(Z", Z')-compact (therefore (7{Z",Z')- 
complctc) subset of Z" . Thus, for locally convex Z, we conclude that t o is an 
integral over 5R, whenever £ has the Hammerstein property, and for each B £ B, 
£ is uniformly continuous on !Fb , and maps it into a bounded subset of Z. More 
generally, let S be completely regular, T be as in Example 3.6.6 above, and £ be 
an operator on to Z with the Hammerstein property, uniformly continuous 
on J^B, and mapping it into a bounded subset of Z, for all B € B. Then to p£ 
is an integral over , where (3S is the Stone-Cech compactification of S, iTjs 
is the restriction map C{f3S, X) Cp{S, X), f3£ = £ o n^, and is the Riesz 
system determined by (3S (Example 3.6.4). 

It will be shown that all integrals over Riesz systems do in fact have integral 
representations. 

4 Riesz Measures 

Throughout this section. X and Z are uniform commutative monoids, 3? is a 
Riesz system, {S, {IC,G), {X, B), {J^,T)), "integral" stands for "Z-valued Riesz 
integral over SR", and £ is an integral. It will be seen that each integral £ 
generates an additive, Z^-vahied function on /C. This function extends to a 
(/C, G)-regular set function [?, ?, ?], p^, defined for all subsets of S, which is 
additive on a field containing JCdQ. In this section we address the construction 
of Vi and the determination of its characteristic properties. These properties 
lead naturally to the concept of a Riesz measure [Definition 4.11]. Informally, 
integrals generate Riesz measures, Riesz measures generate integrals, and the 
correspondence is one-to-one [Theorem 5.1]. 

Notation 4.1 For all k € IC,j € G, f € J^, B C X , x € X , and W e unifZ : 
JC~{-f) := {a G /C : a C 7}, directed by C, 
g+(K) := {13 eg : 13 D k}, directed by D, 
T{k,^I,B) ■.= {f ^Tb: f 
J^{x, K, 7, B) -.^ {f e J^B ■ K =x f and f ^ 7}, 
Ze,B := i£''W 

Ze,. := {£{f) : / e .F, mgfC B-hull {x)Y' 
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Propositions 4.2 For all k G IC,j G G, B ^ B, and x G B: 

.1 For all W € unifZ, there exists k' e /C~(7) such that 7 \ k' G S{W, B, £). 

Hence {£^J^i,{a,"f,B) : a G /C~(7)} is a filter base in Z converging to 0. 
.2 For all W G unifZ, there exists 7' G Q^{k) such that 7' \ k £ S(W, B,i). 

Hence {l'^T^{n,fi,B) : (} G Q^{k)} is a filter base in Z converging to 0. 
.3 {£^J^*{x,K,l3,B) : /? e Q+{k)} is a Cauchy filter base in Zh^b- 

Note that the filter bases are non-enipty (by Assumptions (3), (4) and (11)), 
and that Z^^b is a complete subset of Z for each B G B. 

Proofs. 

.1 If not, there exist V G unif Z, and for each a. G K,~ (7) an / G Tb, and g G 
T»{a,"f,B), such that {£{f ),£{f + gj) ^ V. Recursively define sequences 
<p in J^B, V and r]' in /C, 7' in Q, x such that Xn G •^*(*?n,7, B), such that 
for all n e N: ?7o C 7^ C r/^) C 7, rjn+i C j'^^^ C t^^^^ C 7\U»<„ v',, Xn is 
supported by rjn, and {£{(pn),£{'Pn + Xn)) ^ Since £ is s-bounded over 
B, this yields a contradiction. □ 
.2 Similarly. □ 
.3 Let W G unif Z. There exist C gB,V G unif Z, T gT,U G unif X, 
and7 e Q+{k), such that: B+B C C, VoVoV C W; G S{V,B,l) (by 
Proposition 4.2.2 above); if /, g G Tc and (/, g) G T then {£{f ), £{g)) G V 
(by uniform continuity of £ on J-c)] and T extBU (by Assumption (12)). 
Let /i, /2 e ^*(a;, «;, 7, B). There exist A, /?2 e G+(«;) such that /3i U /32 C 
7, and fi{s) = X for all s G Pi, i = 1,2. Hence (./i(s), /2(s)) G U for all 
s € /3i n P2, and k C /J^ fl /32 C 7. Thus, by Assumption (12), there exist 
Pi,P2 G J^t{n,^,B) such that (/i + Pi, fi + P2) gT, and is supported 
by 7 \ K, i = 1, 2. Then, for i = 1,2, fi + Pi G Tc, and therefore 

(^(/l), W) = Wl), i{fl+Pl)) O (£(/l +Pl),£{f2+P2)) O 

(^(/2+P2), ^(/2)) eVoVoVCW. □ 

Proposition 4.3 If A, B G B are such that A + A C B, and, for all i = 1,2, 
Vi G unifZ, and 7^ G S{Vi,B,£), then 71 U72 € S{{Vx o V^a)^', A,£). 
Proof. Given any W G unif Z, choose Wi G unif Z such that C W . By 
uniform continuity of £ on J^b , there exists T G unif such that for all f,gG J-b , 
if {f,g) G T then {£{f),£{g)) G Wi. By Assumption (12), choose U G unif X 
such that T extBU. 

Let ji G g n S{Vi,B,£) for i = 1,2 and /, ft. G Ta, with /i ^ 71 U 72. 
There exist k\ G K such that k\ C 71 u 72 and h equals on S\k\. Now, 
by Proposition 4.2.1 above, there exists a G K. with ki C a C 7^^ U 72 such 
that (71 U72) \ a e S{y/x-,B,£). By Assumptions (l)-(4), there exist k' G K, 
and ^' G Q such that a C 7' C C 71 u 72. By Assumption (13), there exist 
51,52 G Ta such that gi is supported by 7^ for i = 1,2, 51 + .92 G •?^4, and 
^(s) = fli(s) + fl2(s) for all s G n' . Thus {h{s),gi{s) + 52(5)) e for all s G 7'. 
By Assumption (12), there exist p,qG Ta^ both supported by (71 U72) \q!, such 
that (gi + 02 + 9, /i +p) zT. Hence, by the above choices, 
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ie{f),£{f + h)) 

= W), ^(/ + W + 9i)J{f + 9i+ 92))o 
m + gi+92),i{f + 91+92 + q))o 

m + 9i+92 + q),eif + h + p)) o {e{f + h + p), £if + h)) 
e Vi o ^2 o W^i o W^i o VFi C Vi o V2 o W . 
The result follows by Theorem 7, p.l79, of [?]. □ 

Corollary 4.4 Let W G unif Z, A,B e B, and A + A C B. IfVe unifZ is 
such thatV^ C W, and ^i,j2 G S{V,B,e) fori = 1,2, then ^iU^2 G S{W,A,e). 

We note that, for all k G IC,X£X and B E B with x G B, the Cauchy filter 
base, {t^J^*{x,K,(3,B) : (3 G Q^{k)}, is convergent to some point T({k,x) in 
Ze,x Q Z(^i3, since, by the definition of integral, this is a complete subset of 
Z. Further, by Proposition 4.8.6 below, for all 7 G C/ and x G X, the net 
{Ti{K,x) : K G IC~{j)) is Cauchy in and therefore converges to some point 
^e{'l,x) in Ze,B- 
Definition 4.5 

{Te{K)){x) = Te{K,x), ^eil) = lim T£(k;), for all 7 G ^, 
iyi{a) = lim ^^(7), for all a C 5 for which the limit exists. 

Clearly, the Cauchy filter base, {l^J^*{x,K,0,B-hMll{x)) : G ^^^(k)}, con- 
verges to {Te{K)){x). We shall see below that ve is defined in fact for all subsets 
of 5. 

Definition 4.6 For any function h on K. to Z^ , B E B and W G unif Z, a 
subset a of S is -small with respect to {h, B) if and only if there exists 
J € g, with a C 7, such that (J2k&k ^i^M'^)^J2f,eK i^i^ + yK.)Mf^)) G W, for 
all finite, disjoint K C K- with [JK C and all functions x,y on K to B. 
Proposition 4.7.3 below characterizes W^-smallness in terms of the function fam- 
ily and the operator £. 

Propositions 4.7 Let A e B,^ e Q,W e unif Z. 

.1 If K is a finite, disjoint subfamily ofK, with [jK C'y, and x is a function 
on K to B, then there exists h G J^b, supported by 7, with h{t) = x^, for 
all K E K and t € k, such that 

{e{h), ^ x^.ni^)) e W. 

.2 For each h G J-b supported by 7 there exist a finite, disjoint K C IC with 
\JK C'y, such that for each choice function s on K, 

{l{h), ^ h{s^).n{^)) G W. 
KeK 

.3 For each B € B, 'y is W-small with respect to {re, B) if and only if 7 G 
S{W,B,i) 
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Proofs. 4.7 

.1 By the separation properties of /C and Q, and the definition of T£, there 
exist functions G on. K to Q, g on K to such that G has disjoint range, 
fi^ C G„ C 7, gr^ g J^*{xk,k, Gk, B) for all k G K, and 

By the /C-additivity of I, X^kga" ^(^k) = ^(SKsif Sk)- Let h be the func- 
tion Xlfte/f 5k- Then rn^/i C S. □ 
.2 Choose y G unifZ such that C W^, and C e B such that B + B CC. 
Choose T e r such that for all f,g eTc,ii (/, g) e T then {£{/), £{g)) G 
y, and choose U € unifX such that T extsU [Assumption (12)]. Let 
h be any function in J^b which is supported by 7. Since h is finitely Q- 
partitionable [Assumption (10)], there exists a finite G Q Q with S — [JG, 
such that for all a £ G and x, y & a, {h{x), h{y)) G U. Let if = {a fl 7 : 
a e G}, and list H as {.ffo) •••) -f^n-i} for some n G N. Clearly, [Ji? = 
7. Choose a finite sequence P in unifZ, and, by Corollary 4.4, a finite 
sequence B' in such that PqoPo Q V, and if 7^ G S{Po, Bq, £) tor i = 1, 2, 
then 71 U72 G ^(1^,A,^), Pj+i oP,-+i C P,, and if 7i G ^(P,+i, P;-+i, £) 
for i = 1, 2, then 71 U 72 G S{Pj,Bj,£), for < j < n - 1. By Proposition 
4.2.1 and Assumption (4), construct finite sequences k, t] in /C, and (3, 6 in 
Q, inductively as follows: 

^0 = Ho, So\ko € S{Po, B'q,£), and kq Q l3o Q rjo Q ^o- 
6i+i = Hi+i \ [jj<iVj, Si+i \ Ki+i G S{Pi+l,B'^_^_l,£), and 
Ki+i C f3i+i C C 6i+i, for i < n - 1. 

For each i < n, and G Kj, choose fi G .F* (/(.(s^), k^, yl) such that 

(Ei<„ ^(/i), Ei<n h{si).Te{^i)) G T^. 
Let 5 = J2i<nfi- Then ^(g) = Ei<„^(/i)> '^"3 5' C B, g is supported by 
7 and, for some w e with C we have that {h{t), g{t)) G U for 

alH G w. Thus, by Assumption (12), there exists p, <? G Tb supported by 
7 \ U K such that {h+p,g + q) G T. Now, 7 \ IJ « ^ lJi<„('^* \ '^O) and 
therefore, by repeated application of Corollary 4.4, 7 \ U'^ ^ S{V,B,£). 
Thus, 

im, Ei<i h{si).T({'^i)) = {t{h)J{h + p)) o {i{h + p), £{g + q)) o 

Wg + ql ^{9)) o {£{g), Ei<„ h{si)M>^,)) ev^cw □ 
.3 Let B G B. We shall first show that if 7 G S{W, B,£) then 7 is H^-small 
with respect to {ti,B). Let K he & finite, disjoint subfamily of K, with 
U-^ — 7- Let V G unifZ, and x,y be functions on K to B. Choose 7' 
on K to G, and for each k € K, let G J-{xk, k, 7^, B), G J^(k;, 7^, -B), 
such that mg^' is a disjoint subfamily of G, with «; C 7^ C 7 for each 
K & K, and 

(^x'..r,(/^),^£(/0)Gy, 
Keif 
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(E + E ^(-^^ + ^ ^- 

Then, by the above choices and the f -additivity of £, 
{UneK x^Mn), T.neKi^'^ + yK)-Te{i^)) 

(E«eif ^(/« + E«eif + y«)-T£('«)) 
gVoWoV. 

Since W = Hveunifz V oWoV ([?], Theorem 7, p.l79), it follows that 
if 7 G S{W, B, i), then 7 is VF-small with respect to (t^, B). We shall now 
show the converse. 

Suppose 7 is VK-small with respect to (r^, B). Let /, g G J-b with g ^ S € 
/C and 5 C 7. Let Si, € 6 with B + B C Bi, Bi + Bi <Z B2. There 
exists y e «m/Z such that C H^, T G T such that {i{h),l{h')) G F 
for aU h, h' G Tb., with (ft, /i') G T, and t/ G wni/X such that T ext.B., U. 
Since (X, +) is a uniform monoid, there exists U' G unifX with U' C U 
such that if (si,ti) G J7' and (52,^2) G J7', then (si + S2,ii + ^2) G J7. 
By the finite ^-partitionability of / and g (Assumption (10)) choose a 
finite G C g such that (/(s),/(s')) G U' and (5(5), 3(5')) G C/' for all 
s,s' G 7' G G. Let G = {Gi,...,G„}. By Corollary 4.4, there exist 
14,^2 G 2inifZ with F2 C C VF, such that if 71,72 G S(yi,BiJ) for 
i=l,2, then 71 U 72 G ^(y, i), and if 71, 72 G 5(^2, -B2, ^) for i = 1, 2, 
then7iU72G5(yi,Si,£). 

Using Corollary 4.4 and Proposition 4.2.1, choose finite, disjoint K C IC 
such that KiCGi\ J^.^ . Kj and\JG\\J K G S{V2, B2,i). Further choose 
K G /C such that 5 C k C 7 and 7\k G S{V2, B2,€). Let X^' = Ki\^, K'l = 
Ki n K, i = 1, . . . ,n, list the non-empty members of {i4'j'}"^i U {i4'f}"^i 
as and let M := {j : ry^- n 7 = 0}, := {j : rjj C 7}. For each 

J G M U A' let Sj G 7]], Xj = f{sj), Uj = g{sj) if j € N and yj = if 
j G M. 

Then there exists a finite disjoint {Ei, . . . ,Em} Q G, finite sequences 
(ft])™ 1 in JFb and (ft^)^i in J^b, such that 

(1) for each j there exists ij such that Ej C G^^, 

(2) r^j C E;^- C 5 \ K if j G M, and -qj C Ej C ^ if j e iV, 

(3) ft] G J^* {xj ,rjj,Ej,B), h'j G T* {xj + yj , rjj , Ej , B) such that, if fti = 

h] and h2 = Y,hj, then 

(£(fti), n{r]j,Xj)) G V, (f (fts), E '^dVj,Xj + yj)) G V. 

j<n i^"- 
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By Assumption (12), there exist pi, qi G J-a with pi -< (IJ G\[J K) U (7\k) 
such that (/ + pi, hi + qi) £ T and {f + g + P2, /12 + ^2) G T. Since 
{{jG\{jK)U{^\K)€S{Vi,Bi,i),then 

W),i{f + g)) 

= m)J{f + Pi)) ° m + Pi),iihi +qi))o W/ii + gi), ^(/ii))o 

(Er=l(a;, +%)-T^fe),^(/i2)) O i£{h2)Jih2 +P2))0 

{i{h2 + P2),e{f + 9 + q2))o {£{f + g + q2),£{f + g)) 
£ V"^ QW. □ 

Hereafter we shaU use the phrases "7 G S{W,B,£y' and "7 is W -small with 
respect to {re, B)" interchangeably. Essential properties of re are given below. 
Propositions 4.8 For all k € fC, 'f e G , B G B and W G unif Z : 

.1 There exists V G unif Z such that if j is V -small with respect to {Te,B), 

then {x.T£{k),x.T£{k \ 7)) G W for all x G B. 
.2 There exists U G unif X such that for all finite disjoint K C ]C and 

functions x,y on K to B, if (x^jUk) G U for all k G K then 
(Ekgk x^.n{K), E«eif VkMi^)) g w. 
.3 For each disjoint sequence a in K, there exists m G N such that, for all 

n> m, oin is W-small with respect to {ti^B). 
.4 If A, B G B are such that A -\- A C B , Vi ,¥2 G unifZ, and 7^ is Vi-small 

with respect to {rt, B), for i = 1,2, then 71 U 72 is Vi o V2 ° W-small with 

respect to (r^, B). 

.5 There exists 7' G G, with k C 7', such that (a;.r^(K), a;.r^(K')) G W, for all 

k' e K with k C k' C 7', and all x G B. 
.6 There exists rj G JC, with C 7, such that {x.Te{rj), x.Te{K')) G W, for all 

k' G K. with T] C k' C J, and all x G B. 
.7 Ti is additive. 

Proofs. 4.8 

.1 Choose Vo G unif Z such that CW\ C G B such that B + B C C; 
and T e r such that, for aU f,gG Tc, if (/,5) G T then {£{f),£{g)) G V. 
By Assumption (12), there exists U e unif X such that TextsU. Let 
Vi G umfZ with C Vo- 

Suppose now that 7 is Vb-small with respect to (r^, -B). Let a; G B. There 
exist 71,72 G ^ with 72 C 71, such that 

K C 7i,7i \«; is Vi-small with respect to (r^, C), and {Tg{x, K),i{f)) G 
Vo 

for all / G !F*{x,n,"fi,B), 
\ 7 C 72, 72 \ (k \ 7) is Vi-small with respect to (t^, C), and 
{Te{x,K\'y),£{g)) G Vo for all 5 G J^*(a;, k \ 7, 72, B). 
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Let /i e K, 7i, B), and /2 G k \ 7, 72, -B). Then there exists 

(3 & Q such that At \ 7 C /3 C 72 and /i(s) = /2(s) = a; for all s G p. 
Thus (/i(s), /2(s)) e C/ for all s e /3. By Assumptfon (12), there exist 
Pi,P2 e ^B, supported by 71 \ (k \ 7), such that (/i + pi, /2 + P2) £ T. 
Since 71 \ (k \ 7) = (71 \ U (71 07), it follows from Corollary 4.4 that 
71 \ \ 7) is y-small with respect to {re, B). Hence, 

= {Tt{n,xil{h)) o\i{h),i{h+p)) O (£(/i +p2))o 

W/2 + P2), TO) ° W/2), T^/t \ 7, a;)) 
£ C W. 

.2 There exist Vb, Vi € unif Z, T gT, and e unif X, such that (i) Fj* C 
(ii) for all /, 5 e J^B, if G T then {t{f),l{g)) € Fq, and (iii) 

TextsU. Let if be a finite, disjoint subfamily of /C, and let x,y be 
functions on if to -B such that {xk, j/fc) G J7 for all k G if. By Proposition 
4.2.2, there exists 7 G ^ such that 

(1) U^C7, 

(2) j\\JKGS{VuB,e). 

There exists also G on if to ^ with disjoint range, and g, h on K to J^, 

such that, for all k G /C, 

(3) K C G« C 7, 

(4) g^eJ^*{x^,K,,G^,B), h^eJ^*{y^,K,G^,B), 

(5) (EfcEK ^(.9K),EfceK Tei^i^ G Fq, and 

There exist p G J^, (U ^s^, U G, B) and q £ J^*{[jK,[jG,B) such that 

+ <7)Gr. 

Then, by the /C-additivity of i, 

+ p))o 

WE.6/f 5-+?'). ^(E.e/f /i. + 9)) ° WE^eif + 9),^(E«6if h,))o 
(Ekga: ^(M. E«eif ^^(K.yK)) 
£ C VF. 

.3 Now let i? G S, K be a disjoint sequence in )C, and W G wni/ Z. Choose 
sequences P,V in unif Z such that i^o o ^0 C W, Vq C Pg, and Pj+i o 
Pj+i Vj C C Pj for all j G iV, and a sequence C in B such that 
G„ + G„ C Cn+i- By Proposition 4.7.3, for all Q G unifZ, if /3i,/32 G ^ 
are such that /3i G 5'((3, G^+i, and /32 G 5(^^+1, Gj+i,f), then /3i U P2 
isQoPj G S{QoPj,Cj,£) 

We shall now construct sequences r7,a in JC and 7,/? in Q as follows. 
Let T?o = kq. By Proposition 4.2.2, there exists 70 G C/^(t/o) such that 
7o\??o G S'(Vo, Gq,^). By the remark following Assumption (4) there exists 
ao G /C, /3o G such that ?7o C /?o C ao C 79. Let r?i = ki \ 70- Since 
ljj<n "^i are disjoint elements of /C, then, by the remark following 
Assumption (4), and Proposition 4.2.2, there exists 7^+1 G G~^{Vn+i) such 
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that 7n+inUj<„aj = ^, and 7„+i \77„+i e ^(K+i, C„+i, ^). Now choose 
an+i e /C, Pn+i e 5 with r]n+i C /J„_,_i C a„_,_i C 7„+i. We observe that 

(1) /3 is a disjoint sequence in Q, 

(2) for each n e N, rjn+i = Kn+i \ UjXndj \ Vj) and therefore 

Kn+l C /?„+! U Uj<„(7j \ Vj)- 

By repeated apphcation of Proposition 4.7.3, Uj<„ iljXVj) ^ ^(Vo, Co, i?). 
Since ^ is s-bounded, there exists m G N such that /3„+i e 5(7-0.(^0.^) 
for all n> m. Thus, again by Proposition 4.7.3, /3ra+i U Uj<N('^J \ ^ 



5(Vbi -B, i?) for all n > m. The theorem follows. □ 

.4 By Propositions 4.7.3 and 4.3. □ 

.5 By Propositions 4.2.2, 4.3 and 4.7.1. □ 

.6 Similarly, by Propositions 4.2.1, 4.3 and 4.7.1. □ 



.7 Denote B-hull {x) by H^. Let ki and K2 be disjoint members of /C, and 
X eX. There exists disjoint 71, 72 G ^7 with m C j^, i = 1,2. For i = 1, 2 
\ct Li ~ {a E Q : Ki C a C ji} , and Af = {a € Q : K1UK2 C a C 7^ U72}, 
both directed by /3 -< iff /3' C /?. Since M = {ai Uq!2 : G i-i, « = 1, 2}, 
then 

Ti{ki U K2,x) 

= lim{e^T*{x, Ki U K2, 7, H^)-l& M) 

= lim(€^(^*(x,Ki,7n7i,i?f) + ^*(a:,K2,7n72,i?f)) :7GA^) 
= lim(^^jr*(x,«;i,7n7i,fff) + K2, 7 n 72, fl"f ) : 7 G M) 

= lim(£^jC-*(a;^K^^a,iy8j . Q, g ^ lim(£^jr*(x, K2, a, iJf ) : 7 G L2) 

= Ti{Ki,x) + n{K2,x). □ 

Propositions 4.9 Lei TZ denote the family of subsets a of S with the following 
property: for all B G B and V G unifZ, there exist k £ K. and 7 G ^ such that 
K C a C 7, and 7 \ k «s V -small with respect to (r^, B). Then, 

.1 jcug cn. 

.2 TZ is a field. 
.3 = Tg on K,. 

.4 For all B eB and p G TZ: 

ve{p,x) = lira {vi{K,x) : k e JC~{p)) = lim (1/^(7, x) : 7 e ^"'"(/o)), 
uniformly for x G B. 
.5 i/f is additive on TZ. 

.6 Jbr a^/ B € B, disjoint sequence p in TZ and V G unif Z, there exists 

m G N such that pn is V -small with respect to {u^, B) for all n> m. 
.7 For all a C S and B G B,i^e{a, x) is defined for all xeX, and i't{a, x) = 

lim {veil, a;) : 7 G g~^{a)), uniformly for x € B. 
.8 For all B G B and V G unifZ, there exists U G unifX such that for all 

finite disjoint RCTZ and functions x,y on R to B, if{xp,yp) G U for all 

peR then (J^peR ^pMp), J2peR VpMp)) G V- 

Proofs. 4.9 

.1 By Propositions 4.2.1, 4.2.2 and 4.3. □ 
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.2 Let pi,p2 G 'R,V G unif Z and B E B. There exists W G unif Z such 
that C and C G S with B + B CC. There exist ki, K2 G /C and 
71 , 72 G ^ such that, foT i = 1,2, Ki C Pi C 7^, and 7, \ is W^-small with 
respect to {Te,C). Now, 

(71 \ K2) \ {ki \ 72) C (71 \ Ki) U (72 \ K2), 

(71 U 72) \ (ki U K2) C (71 \ Ki) U (72 \ K2), 

Kl \72 C pi \p2 ^ 71 \ '«2, 
Kl U K2 C U /O2 C 71 U 72. 

By Proposition 4.3 and Corollary 4.4, the set (71 U (72 \k2) is V-small 
with respect to {Te,B). Thus 7^ is a ring, in fact a field, since S £ G,i>y 



Assumptions (2) and (10). □ 

.3 By Proposition 4.7.5. □ 

.4 By Proposition 4.7.2, and the definitions of TZ and u^. □ 

.5 By Proposition 4.8.3. and the additivity of re- □ 

.6 By the definition of TZ, and Propositions 4.7.3, 4.7.4. □ 



.7 If G~^{oi) has a smallest element the conclusion holds trivially. Otherwise, 
for each 7 G there exists 7' G Q^{a) with 7' C 7,7' ^ 7. Suppose 

then that the net {vi{'j,x) : 7 G G'^ia)) is not Cauchy uniformly for 
X G B. Then there exists V G unif Z such that, for each 7 G G'^{ct), 
there exist 71,72 G G with 7^ C 7 for z = 1, 2, and a,n x G B such that 
{iye{ji,x), Vi{j2, x)) ^ V. Choose W G unif Z with WoW CV. By the 
additivity of I'e on 7^, 

Ui{ji,x) = vtiji \ 72, x) + Uii'ji n 72, x), and 

1^^(72,2;) = i^e{l2 \ li,x) + n72,a;). 
Since W is translation invariant, then we have either (0, 1^^(71 \72, x)) 
or (0, ^^(72 \7i, x)) ^ W . We may thus construct a disjoint sequence rj in 
TZ, and a sequence a; in iJ, such that (0, i't{rin, Xn)) ^ W . This contradicts 
Proposition 4.8.6 above. □ 
.8 By Propositions 4.7.2, 4.8.3 and 4.8.4. □ 

Definitions 4.10 Let h he a Z-^ -valued function on the subsets of S . 

a C S is regular with respect to {h, /C, G, B) if and only if for all B G B 
and V G unifZ, there exists k G /C, 7 G ^ such that k C a C 7, and 7 \ k «s 
V-small with respect to {h\ic,B). 

Denote by TZh the set of all a C S such that a is regular with respect to 
{h, /C, G, B). For all B € B, let V{h, IC, G, B) denote the set of all finite sums of 
the form J2peR Xp-h{p), where R is a finite, disjoint subset of TZh, o.'f^d x is a 
function on R to B. 

h is uniformly partition continuous with respect to (/C, G, B) if and 
only if for each W G unif Z and B £ B, there exists U G unif X such that, for 
all finite, disjoint R C TZh, o-nd functions x,y on R to B, if [xp, yp) G U for all 
p & R, then 

peR peR 
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h is s-bounded with respect to (/C, Q, B) if and only if, for each B € B, 
disjoint sequence a in TZh and V £ unifZ, there exists m S N such that an is 
V-small with respect to {h, B) for all n> m. 

We come now to the principal definition and theorem of this section. 

Definition 4.11 A Z-^ -valued function h on the subsets of S is a Riesz mea- 
sure over (/C, Q, B) if and only if 

(1) a C 71ft, 

(2) IZh is a field on which h is additive, 

(3) h{-i) = Van{h{K) : k G and h{a) = Yim{h{i) : 7' e Q+{a)), 
for all ^ & Q and a C S, 

(4) h is uniformly partition continuous with respect to {IC,G,B), 

(5) h is s-bounded with respect to {K,,Q,B). 

(6) for each B G B, V{h, IC,Q, B) is a relatively complete subset of Z. 

Note that, when Z is a topological vector space, a Riesz measure h over 
{IC,Q,B) is necessarily a 5-outer measure [?], which is a-additive on TZh when- 
ever /C is contained in the family of compact subsets of S, [?], Theorem 1.6. As 
a consequence of Propositions 4.9, we have 

Theorem 4.12 Let £ be a Z -valued integral over a Riesz system 3?. Then is 
a Riesz measure over {JC,Q,B). 

If £ is additive then rng vt consists of additive maps. If X and Z are topological 
vector spaces and £ is linear, then rng vi consists of linear maps. By Propositions 
4.8.2 and 4.9.4, the range of is always uniformly continuous on each B G B. 
Note also that a linear map on the space Cc(f2,R") of infinitely differentiable 
functions has an integral representation if it is continuous with respect to the 
topology of uniform convergence on O. 

5 Integral Representation 

We use an integration process which is based on finite partitions. Conditions 
under which this produces the same integral as that generated by other processes 
[?, ?] are given by [?], Theorem 2.5, p. 28. 

Let 5R be a Riesz system {S, (/C, G), {X, B), {J-, T)}, Tu the uniformity on f 
of uniform convergence on S, and /x a Riesz measure over (A^, G, B). We denote 
by IZ^ the field of subsets of S which are regular with respect to (/x, K,, Q, B) 
(Definition 4.1). For each E G 7?,^, let Pf^{E) denote the collection of all finite, 
disjoint subfamilies R of 7?.^ with E = \JR, directed by refinement. For any 
such finite, disjoint R C 7^^, a choice function s on i? is a function on R such 
that Sp G p for each p G R. If / is any function on S to X, we say that / is 
integrable over E with respect to p, if and only if there exists z G Z such that for 
all neighbourhoods F of z we can find a finite disjoint Q C TZ^, with E = \JQ, 
such that J2peR fi.^p)-l^{p) ^ whenever s is a choice function on a partition 
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R oi E finer than Q. The Hmit point z G Z will be denoted by J^/.d/j.. We 
come now to our main result. 

Theorem 5.1 Let £ be a Z -valued function on T . Then lis a Z -valued integral 
over 5i if and only if, for some unique Riesz measure over {)C,G,B), 

i{f) = / f.dii for all feJ'. 
Js 

The proof is by the following propositions. 

Propositions 5.2 Let ^ be a Riesz system {S, (/C, G), {X,B), {J-,T)). 

.1 If fi is a Riesz measure over {IC,Q,B), then J^f.djj, is defined for all 
f gT and E e TZfj,, and / e .F — > Jg f.dfj, is a Z-valued integral over 5R. 

.2 ///ii, fi2 are Riesz measures over {)C, Q, B) such that Jg f.dfxi = Jg f.djjb2 
for all f G J-Q, then jii =112- 

.3 If I is a Z-valued integral over 3?, then vn is a Riesz measure over 
{JC, g, B), and i{f) = Js f.dui for all feJ^. 

Proofs. 

.1 Let f ^ T . We show first that the sets 

{SpeH ./(■Sp)-M(p) : s is a choice function on i?, 

and i? is a finite, disjoint subset of 7^^, finer than Q}, 
where Q is a finite, disjoint subfamily of 7?,^ with -E = IJ Q, constitute a 
Cauchy filter base in Z. Since V(yU, B, /C, G) is relatively complete (Defi- 
nition 4.10.6), then this filter base converges to some point of Z. 
Let y € unif Z . Since \x is quasi-uniformly continuous with respect to 
(/C, (Definition 4.10.4), there exists /7 e X such that, for all finite 

disjoint R C Ttp, and functions x,y on R to B, if {xp, yp) e U for all p £ R, 
then 

(^ xp.h{p),Yl yp-Kp))^y- 

peR peR 

Since / is finitely ^-partitionable and Q C TZ^ (Definition 4.10.1), there 

exists a finite disjoint _Ro Q TZ^ such that S ^[J Rq and (/(s), f{t)) £ U 
for all p £ R and s,t G p. Let i?2 be any finite partitions of E by Hp, 
which are finer than {p(l E : p £ Rq}, and, for each i = 1,2, let Si be a 
choice function on Ri. Now let 

Q = {pi n p2 : P2 G -Ri, P2 e R2} 

and define functions pi,P2 on Q hy pf = s^ if a C p £ Ri, for i = 1,2. 
Then, by additivity of p, on TZp, 

iEpen., f{4)Ap),EpeB.. fi4)-Kp)) 
= (EceQ ,/(p?).M(«),EaeQ./(P2)-M(a)) G V, 
since (/(Pi ), /(P2 )) £ U ior all a £ Q. Let f.dp be the limit to which 
the filter base converges. It is easily checked that the map / — > f-dp is 
a .^-valued integral over 3ft. □ 
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.2 Certainly, if /i is a Ricsz measure over (/C, Q, B) then, for each / G !F, 
the set function p e TZ^ J^f.dii is additive [?]. Let k G IC,x € X, 
and V G unif Z. Choose W G unif Z such that W o W C V. Since 
K € TZ{/.ii,IC,G, B) for i = 1,2. there exists 7 G with k C 7 such that 
7 \ K is W^-small with respect to {fii,B). Then J^^^f.diii G for all 
/ G ,?^B with / ^ 7 \ K. By Assumption (11), choose f € J^o such that 
ii=x f <!■ Then 

(.x.^i(K),a;./i2(K)) 

e W o W, by translation invariance of W, 

Thus Hi,i-i2 agree on /C, and therefore on all subsets of 5. □ 

.3 Let B , C € B he such that B + B C C, and / G Tb- We can find a finite 
sum X^pg/j f{sp).V(^{p) which is arbitrarily close to f-di'l, and a function 
geJ^, arbitrarily close to /, for which (.{g) is arbitrarily close to the finite 
sum. It follows that f-dv^ = ^(/), since I is uniformly continuous. The 
details of the proof are given below. 

Let V G unifZ. There exists W G unifZ, T G T and U G unifX such 
that 

(i) c y, 

(ii) if A, /2 G ^c, and (/i, /2) G T then (^(/i),^(/2)) G W^, 

(iii) TextsU. 

Since / is finitely ^7-partitionable there exists n G N and {Go, G„_i} C 
^ such that S — Ui<„-i 'j'j! and {f{s),f{t)) G ?7 for each i < n — 1 and 
all s,f G Gi. Let Ri = Gi\ Uj<2 G'j, and .s^ G i?i for each i < n — 1 
(without loss of generality, we may assume that Ri^% for alH < n — 1). 
Then Ri C Gj and, as in the proof of 4.1 above, 

Since i?, is regular with respect to {i'e,IC,Q,B), choose disjoint G /C, 
i < n — 1, such that k, C i?^, S\ Ui<n-i '^i ^ 'S'(Wi B, £), and 

( /(si).;/^(i?0, E ^€(Ki,/(si))) gW^ 

z<n— 1 i<n— 1 

Choose now P € Q, disjoint {Pq, Pn-i} '^G, Qi & ^*{f{si), Kj, Pi, B) 
and 5i € Q, i < n — 1, such that 

(i) U<„-i «i C /? 

(ii) Ki C Si C Pi C (3, i <n — l, 

(iii) (E.<„-i T£(«., ,f (s.)), E.<„_i ^(.90) e W^o, 

(iv) 5i(t) = f{si) for alH G <5i, z < n — 1. 

Let h = X]j<n-i 5i and uj = Ui<„-i "^i, then {h{t), J{t)) G [/ for aU t G w. 
Hence, there exist p, 5 G ^s, both supported by 5 \ Uj<n-i '^j, such that 
(/i + g,/+p) GT. Then 
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iJ.f.dl^.Jif)) 

{i{h)J{h + q)) o {l{h + q),i{f+p))o {£{f + p), l{f )) 

eW^ QV. 

Hence Jg f.due = £{/). □ 

The theorem follows by Propositions 5.2.1, 5.2.2 and 5.2.3. Taking these to- 
gether with Example 3.6.6 and the comments of the Introduction, we deduce 
the following assertion. 

Theorem 5.3 Let ^ be a Riesz system. {S, (/C, g), {X, B), {T, T)), with X being 
a topological vector space, and T C Cjc{S, X). Let Z be a topological vector space 
in which every bounded subset is relatively complete and perfect, and i be a map 
on J- into Z which is uniformly continuous on Tb, and maps it into a bounded 
subset of Z, for all B G B. Then, i has the Hammerstein property relative to IC 
if and only if there exists a unique Riesz measure n over (/C, Q, B), with values 
in Lb{X, Z), such that i{f) = Jg f.dfj. for all f & J^. 

Applying the characterization of integrals given by theorem 3.4 to Proposi- 
tions 5.2 we have 

Theorem 5.4 Let ^ be a Riesz system {S, {K., G), {X, B), [T, T)), with X being 
a topological vector space, and T C Ck.{S, X\ Let Z be a topological vector space 
in which every bounded subset is relatively complete and perfect. Then, i is a 
uniformly continuous, linear map on to Z if and only if there exists a unique 
Lb{X, Z)-valued Riesz measure n over {K., Q, B) such that i{f) = Jg f.dfi for all 
f^T. 

Proof. By Theorem 3.4, i is an integral over the Riesz system 5R. The result 
follows by Propositions 5.2.1 - 5.2.3 and the continuity properties of the operator 

f^fgf.du,. □ 

Theorems 5.5 Let ^ be a Riesz system {S, (/C, G), {X,B), (.F, T)) in which S 
is a topological space quasi-normal under (/C, Q), X is a topological vector space, 
B is a subfamily of the family of closed, balanced, totally bounded subsets of X , 
T C Cp(S,X) is a linear space of uniformly continuous functions on S to X 
which is a module over Cp{S) and contains X (g) Cic{S), and T is a uniformity 
on T coarser than that of uniform convergence on S (Remarks 2.5). Let Z be 
a locally convex space. 

.1 If i is a uniformly continuous linear map on T to Z which maps bounded 
sets into relatively complete sets, and has partial operators £x) x G X , 
which map bounded subsets ofCp{X) into relatively weakly- compact subsets 
of Z , then there exists a unique L]s{X, Z) -valued Riesz measure ji over 
{IC, g, B) such that i{f) = Jg f.dn for all f e To- 

.2 If £ is a uniformly continuous linear operator on J- to Z which maps 
bounded subsets into relatively complete, relatively weakly compact subsets. 
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then there exists a unique Lb{X, Z) -valued Riesz measure ji over [K, G, B) 
such that £{f) = Jg f.dji for all / G J-". 
.3 If (. is any uniformly continuous linear map on T to Z, then there exists a 
unique Lb{X, Z'^)-valued Riesz measure /x over {K,Q,B) such that i{f) = 
Is f-d/J' for all f ^T. 

Proofs. 

.1 By Example 3.6.1, and Propositions 5.2. □ 
.2 By Example 3.6.2, and Propositions 5.2. □ 
.3 Let A C Zhe bounded. Then A^^ is the a{Z", Z)-closed absolutely convex 
hull of A. Since A" G nbhdO in Z^, then is cr(Z", ^')-compact ([?], 
pp. 35,61). Identifying Z with a subspace of Z" in the usual manner, 
it follows that £ maps bounded subsets of into relatively a{Z", Z')- 
compact subsets of Z". The result now follows by Theorem 5.1. □ 

Remarks 5.6 

.1 When S is locally compact the theory yields integral representations of 

linear maps £ on spaces C{S,X) with the uniformity of imiform conver- 
gence on compacta [?]. Let S be locally compact, IC its family of closed 
compact subsets and Q its family of open subsets. Let X be a topological 
vector space and B its family of balanced, totally bounded subsets. Let 
Tu be the uniformity for Cc{S,X) of uniform convergence on S, and % 
the uniformity for C{S,X) of uniform convergence on compacta. Let Z 
be a topological vector space such that each bounded subset of Z is rel- 
atively complete and perfect. Let £ he a 7^-uniformly continuous, linear 
operator on C(S',X) to Z. Now = {S,{]C,G),{X,B),{Cc{S,X),%)) 
is a Riesz system (Example 2.4.2), and the restriction of £ to Cc(S,X) is 
an integral over 3?". Thus, by Proposition 5.2.3, £{f) = Jgf.di'e for all 
/ G Cc(S, X). Clearly, Cc{S, X) is dense in C{S, X) for the topology of uni- 
form convergence on compacta. Thus £{f) = Jg f.dv^ for all f € C(S, X), 
provided that f ^ Jg f-dvi is defined for all / G C(S', X), and is uniformly 
continuous for the topology of uniform convergence on compacta. 
These last statements do in fact hold. Let V G unifZ. Then there exists 
U G unifX and K G /C such that, for all f,ge C(5,X), if {f{s),g{s)) G U 
for allsGK then {£{f),£{g)) G V. Thus £if) e V for all / G supported 
hy S \ K. By Proposition 4.3 it follows that X^pG/J ^p-'^iip) € V, for all 
finite disjoint R C TZ{v^,IC,Q,B) with K CilJ R = (j), and choice function 
X : p G R ^ Xp & p. By a straightforward extension of the proof of 
Proposition 5.2.1, we can show that Jg f.dvg exists for all / G C(S', X) and 
that / G C{S, X) Jg f.dvi is uniformly continuous for the topology of 
uniform convergence on compacta. 
.2 More generally, let 3? be a Riesz system {S, (/C, G), (X, B), {T, T)) in which 
S' is a topological space quasi-normal under {IC,G), X is a topological 
vector space, S is a subfamily of the family of closed, balanced, totally 
bounded subsets oi X, C Cp{S,X) is a space of uniformly continuous 
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functions on S to X which is a module over Cp{S) and contains X(X'C^c(S'), 
and T is the uniformity on of uniform convergence on the members of 
some V C K.. As above, we can now check that ^ is a Z-valued integral 
over 3? if and only if there is a unique Riesz measure over 3? such that 



and, for all W e unifZ and B & B, there exists D such that S\D is 
ly-small with respect to (/x, B) . 
.3 The existence of Riesz measures cr-additive on a cj-ficld raises no now 
problems, and can be treated using generalizations of results due to P. 
Alexandroff and E. Marczewski [?, ?, ?]. Indeed, when S is locally com- 
pact, the measure i/g is cr-additivc on a cr-ring containing /C, the family of 
compact subsets of S (Theorem 1.5 of [?]). A more general condition can 
be given on i. A subset a of 5 will be called JZ-small with respect to £ 
iff W),t{f + g)) GU for all g a. i will be called ^J-bounded iff for 
all U G unifZ, B G B, K e IC and G' C Q with K C\jg', there exists 
a finite H C Q' such that K \ \JH is [/-small VF-small with respect to i. 
An extension of Theorem 1.5 of [?] then shows 

Theorem 5.7 Let X and Z be uniform commutative monoids, and be 
a Riesz system. If£ is an integral which is Q-bounded then vn is a-additive. 

Note that a subset a of S' is in S{W,B,£) if and only if it is W^-small 
with respect to £, since the Riesz measure, ue, admits approximation from 
above by Q. 

.4 For X, Z locally convex and S Hausdorff. locally compact. Theorem 5.4.1 
implies the main result of [?], while Theorem 5.4.3 yields the essential 
content of Theorems 0.1, 6.2 and 6.3 of [?]. Results of [?, ?] may be 
derived from Theorem 5.4.1 as is done in [?]. 

.5 Combining Example 3.6.5 with Proposition 5.2.3 we obtain integral rep- 
resentations for dominated operators. These extend results of [?], p. 380, 
in that the underlying topological space S may now be normal, and is not 
restricted to the locally compact case. 

.6 We apply the foregoing discussion to that of [?], showing that uniformly 
continuous, linear maps on certain families of uniformly continuous, vector- 
valued functions on infinite-dimensional spaces generate integrals. In keep- 
ing with the notation and assumptions of that paper, we shall assume the 
following: 

(1) {X, \.\x) and (Z, \.\z) are normcd spaces, and is a strictly decreas- 
ing, positive function on R, with uj{t) ^ as i ^ oo, 

(2) for each positive integer z e N, is a normed space, with 
Si C Sj and \x\i > \x\j, ii i < j, 

(3) S = UisN the inductive topology [?], and is such that ev- 
ery bounded subset is precompact (that is, the completion of 5 is a 
Montel space); 
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(4) for any X-valucd function g on Si, \\g\\i = sup^.^^^ |g(a;)|x '^(I-t^IOi 

(5) Ci{Si, X) is the family of all uniformly continuous X-valued functions 
/ on Si which are uniformly continuous on bounded subsets of Si, 

and I I/I |i < oo, 

(6) Coo {S, X) is the family of all continuous X-valued functions f on S 
which are uniformly continuous on each bounded subset of S, and 
for each positive integer i G N, 



(7) ^oo is Coo{S,X) with the uniformity Uoc generated by the norms 
||.||s,i, and J^i is Cod{S,X) with the uniformity Ui generated by the 
norm ||.||j. 

Now let ^ be a uniformly continuous linear map from J^^o to Z. Then 

there exist i G P and (5 > such that |^/|z < 1 if ||/||s,i < S, and 
therefore £ induces a linear map ii from J-^ to Z, which is uniformly con- 
tinuous on J^i with respect to the uniformity generated by ||.||i. Since 
(S'i,|.|j) is mctrisablc, it is normal. Let ICi be the corresponding fam- 
ily of closed subsets of Si, Qi the family of corresponding open subsets 
of Si, and B the family of closed, totally bounded subsets of X. Then 
5R = {Si, (ICi, Qi), (X, B), {J^i,Ui)) is a Ricsz system, by Example 2.4.3 and 
Remark 2.5.1. li l : Z ^ Z" is the canonical embedding, then (,o£ is an in- 
tegral over by Example 3.5.3. Applying the previous theory (Theorem 
5.5.1), we have a representation 



for some finitely additive measure, fj, on a ring of subsets of Si containing 



.7 Together with the notation of Example 2.4.3, let Z = Lq(X) for some 
probability measure A. Then, as a consequence of Remark 2.5.2, Remark 
3.5.7 and Theorem 5.4, if 5 is quasi-normal w.r.t. (/C, Q), every uniformly 
continuous linear map £ from Cp{S,X) to Z is given by integration with 
respect to a Z"^-valued Riesz measure over (/C, Q, B). 

.8 The preceding theory does not exhibit an homeomorphism between the 
space of Riesz measures and the space of the corresponding integrals. 
The construction of such an homeomorphism should be a straightforward 
generalization of known techniques [?, ?, ?, ?]. 

Notwithstanding many applications to topological vector spaces, the foregoing 
theory has been derived for functions, operators, and measures with values 
in uniform commutative monoids. These arise naturally when one considers 
set-valued functions [?, ?]. Along with X and Z being uniform commutative 
monoids, we may also take S to be quasi-normal, in particular, either normal 
or locally compact (thus S can be any metric space [?, ?]). 



Il/ll 



s,i = sup \f{x)\x w(|a;|i) < oo. 




Ki U Qi. 
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It was observed in the introduction that an operator with an integral repre- 
sentation necessarily has the Hammerstein property. For topological vector 
spaces X,Z and J^, the theory shows that an operator with the Hammer- 
stein property is necessarily an integral, with respect to a given Ricsz system, 
(S*, (/C, 5), {X,B), {T,T)), and therefore has an integral representation. Thus, 
when X, Z and are topological vector spaces, the present theory yields a 
bijcction between operators with the Hammerstein property and the family of 
their associated Riesz measures (Example 3.6.6, Theorem 5.1, Theorem 5.3, [?]). 
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